Exponential elliptic boundary value problems 
on a solid torus in the critical of supercritical 

case 

Athanase Cotsiolis and Nikos Labropoulos 

Department of Mathematics, University of Patras, 
Patras 26110, Greece 

e-mails: cotsioli@math.upatras.gr and nal@upatras.gr 

December 22, 2009 



Abstract: In this paper we investigate the behavior and the existence of 
positive and non-radially symmetric solutions to nonlinear exponential ellip- 
tic model problems defined on a solid torus T of M^, when data are invariant 
under the group G = 0(2) x / c 0(3). The model problems of interest are 
stated below: 

(Pi) At; + 7 = /(x)e", t; > on T, v\g^ = 0. 
and 

(Pa) Av + a + fe"" = 0, v>0 on T, 
dv 

— + 6 + ^e" = on dT. 
on 

We prove that exist solutions which are G— invariant and these exhibit no 
radial symmetries. In order to solve the above problems we need to find the 
best constants in the Sobolev inequalities in the exceptional case. 

Key words: Exponential problems ■ Solid torus ■ Sobolev inequalities • 
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1 Introduction 



In recent years, significant progress has been made on the analysis of 
a number of important features of nonhnear partial differential equations of 
elliptic and parabolic type. The study of these equations has received consid- 
erable attention, because of their special mathematical interest and because 
of practical applications of the torus in scientific research today. For example 
in Astronomy, investigators study the torus which is a significant topological 
feature surrounding many stars and black holes [26]. In Physics the torus 
is being explored at the National Spherical Torus Experiment (NSTX) at 
Princeton Plasma Physics Laboratory to test the fusion physics principles 
for the spherical torus concept at the MA level In Biology some inves- 
tigators interested in circular DNA molecules detected in a large number of 
viruses, bacteria, and higher organisms. In this topologically very interesting 
type of molecule, superhelical turns are formed as the Watson-Crick double 
helix winds in a torus formation [25] . 

Let the solid torus be represented by the equation 

T = y, z) eM? : {^x"^ + y"^ -if + z^ <r^, / > r > o| , 

and the subgroup G = 0(2) x / of 0(3). Note that the sohd torus T C 
is invariant under the group G. 

We consider the following nonlinear exponential elliptic boundary problems 
(Pi) At; + 7 = /(x)e^, t; > on T, v\g^ = 
and 

(Pa) Av + a + fe" = 0, v>0 on T, 
dv 

— + b + ge'' = on dT, 
on 

where At; = — V*Vjt; is the Laplacian of v, ^ is the outer unit normal 
derivative, /, g are two smooth G— invariant functions and 7, a, 6 G R. 
Clearly, a radially symmetric solution is a G— invariant solution, for any 
subgroup G of 0{n). The converse problem is considered in this paper, that 
is we prove that there exist positive solutions which are O— invariant and 
non— radially symmetrical if G = 0(2) x I. 

Problems (Pi) and (P2) own their origin to the "Nirenberg Problem" 
posed in 1969 — 70 in the following way: 
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Given a (positive) smooth function / on (S^, go) (close to the constant func- 
tion, if we want), is it the scalar curvature of a metric g conformal to go7 {go 
is the standard metric whose sectional curvature is 1) (see |3]). 
Recall that, if we write g in the form g = e'^go, the problem is equivalent to 
solving the equation: 

Au + 2 = /e". 

Nirenberg Problem has been studied extensively and is completely solved 
(see [2], [8], |15], [371, Further, we refer the reader to [H [T5], [13], 

[n], [12], [as iOl SI], [91 [TO], [33], [38], [7|, [^ which the 

authors study this problem or its generalization. 

Best constants in Sobolev inequalities are fundamental in the study of 
non-linear PDEs on manifolds, because of their strong connection with the 
existence and the multiplicity of the solutions of the corresponding problems 
(see for example [36], [5], [17], [35], [M], [29], [HI [7], [221 [23l [23] and the 
references therein). It is also well-known, that Sobolev embeddings can be 
improved in the presence of symmetries in the sense that we obtain contin- 
uous embeddings in higher spaces, that it, allow us to solve equations 
with higher critical exponents (see for example [32], [2H], [20], [21], [3S], [27] 
[3 [7], [301 [31], [221 [23 123] and the references therein). Especially, in our 
case we solve problems with the highest supercritical exponent (critical of 
supercritical). 

Let: 

C^^ = {veC^{T):voT = v,yreG}, 

= {ve C^{T) ■.voT = v,^T eG} 

and 

Ll = {v e LP{T) ■.voT = v,yreG} 

that is, the spaces of all G— invariant functions under the action of the group 
G = 0(2) X /. 

We define the Sobolev space HIq{T)^ p > 1 as the completion of Gq^T) 
with respect to the norm 

W'^Whi = IIVi^iip + \\v\\p 

and HlciT) as the closure of G^ci^) in HIg{T). 
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In [22] we proved that for any p G [1, 2) real, the embedding Hf^(T) 



_2p_ 



L'q{T) is compact for 1 < g < while the embedding HIq{T) 
is only continuous. Also, in |23j we proved that for any p G [1,2) real, 
the embedding Hf^^T) ^ Vq^BT) is compact for 1 < g < while the 

V 

Lq~^ (dT) is only continuous. Additionally, we 



trace embedding Hl(j{T) 



observe that if | 



<p <2 then q = ^ > Q = ^ and g > nZ" > 4 



2-3 



3-2 



2(3-1) 
3-2 ■ 



that is the exponents q and q are supercritical. 

In this paper, we study the exceptional case when p = n—k = 3—1 = 2. In 
this case Hl(j{T) ^ Lg'(T), however, when v G Hl(.{T) we have G L^(T), 
e"" G LQ[dT) and the exponent p = 2 is the critical of supercritical. 

This paper is organized as follows: 
In Section 2, we recall some definitions and we present the two lemmas on 
which are based the proofs of the theorems concerning the best constants. 
Proofs of these lemmas are in Section 6. Section 3 is devoted in the presen- 
tation of results of the paper. In Section 4, we determine the best constants 
and /t of the inequalities: 



e'^dV < Cexp 



H ||Vt;||2 + 



27r2r2/ 



and 



e'^dS < Cexp 



dT 



fJL \\Vv 



1 



vdV 



vdS 



In section 5, we use the above two inequalities, in order to solve the nonlinear 
exponential elliptic problems (Pi) and (P2)- Concerning problem (Pi), we 
prove the existence of solutions of the associated variational problem. We 
study problem (P2) in the same way as the (Pi), except its last part (case 
4 of Theorem 3.4), which is based upon the method of upper solutions and 
lower solutions. 



2 Notations and Preliminary Results 

For completeness we cite some background material and results from ^23j. 
Let A = {{^i, ^i) : i = 1,2} he an atlas on T defined by 

^1 = {ix,y,z) eT : (x, z) ^ Hj^z)^ 
^2 = {{x,y,z) eT : {x, y, z) ^ H^^} 
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where 

and $,i : Qi ^ li X D, i = 1, 2, with /i = (0, 27r), I2 = (-vr, tt), 

D = {{t,s) eR^ -.t^ + < 1}, = {(t, s) e : + = 1}, 

6(2;, ^) = (-^i, ^, s), ^ = 1, 2 with cosa;^ = / „ , sina;^ / ^, „ , where 



{arctan ^, x f arctan ^, a; 7^ 

7r/2, X = 0, y > a;2 = < 7r/2, x = 0, y > 

37r/2, x = 0,?/<0 [-7r/2, x = , 7/ < 



and 

' ^<t,s<l. 

The Euchdean metric on {Vt, ^) & A can be expressed as 

{y/goC^){u,t,s)^r\l + rt). 

For any G— invariant v we define the functions s) = o s). 
Then we have: 

/ e'^dV = 27rr^ /" e'^(*'*)(/ + rt) dt ds (1) 
Jt Jd 

||V^;||i2(r) = 27r / |V0(i,s)|^(Z + rt)dtds (2) 
Jd 

and 

/" e"d^ = 27rr /" e^(*'°)(/ + rt) dt, (3) 

where by we denote the extension of on (9D. 
Consider a finite covering jv, where 

is a tubular neighborhood (an open small solid torus) of the orbit Op. of Pj 



under the action of the group G. Pj(xj, yj, zj) E T and Ij = y ^'j + v] is the 
horizontal distance of the orbit Op^ from the axis z'z and Sj — IjSj for any 



Ej > 0. 



Then the following lemmas hold: 
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Lemma 2.1 1. For all e > there exists a constant C^, such that for all 

o 

V EHIgC^j) following holds: 



L 



e'^dV < C.exp 



(l + ce) 



where c > 0. 

o 

2. For all e > 0, there exist constants and D^, such that for all v & HI q 
the following holds: 



L 



e'^dV < C.exp 



1 



+ e 1 ||Vi;||2 + i^£||i^||2 



In addition the constant 



327r2(i - r) 

32n'^\i-r) ^^^^ Constant for the above inequality. 



Lemma 2.2 Let T he the solid torus, 2Ti'^rH he the volume of T and An'^rl 
he the volume of dT , then for all e > there exists a constant such that: 
1. For all functions v e Hg the following inequality holds 



L 



e'^dV < C,exp 



1 



27r^rH 



vdV 



(4) 



2. For all functions v e Hg the following inequality holds 

1 



Jar 



e'^dS < C^exp 



ifi + e)\\Wv\\l + 



A'K'^rl 



vdS 



dT 



(5) 



where, for the first inequality, // = Z2'n'^{i-r) ^■^ ~H i,g ^'^^ 

For the second inequality /i > g^2(;_y) for all v e H^g- 

The constant /i is the hest constant for the ahove inequalities. 



3 Statement of Results 

3.1 Best constants on the solid torus 

We have the following theorem: 
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Theorem 3.1 Let T be the solid torus, 27r^r^/ be the volume of T and 
AiT^rl be the volume of dT, then there exists a constant C such that: 
1. For all functions v G Tic the following inequality holds 



e'^dV < Cexp 



fi\\Vv\\l + 



1 



vdV 



27rV2/ 

2. For all functions v G He the following inequality holds 

1 



e'^dS < Cexp 



dT 



fi\\Vv\\2 + 



vdS 



dT 



(6) 



(7) 



where, for the first inequality, fj, 
1 if Kg = Hi 



if =H 1 G '^''^^ 



327r2(i-r) 

For the second inequality /i > g^2(;_r-) for all v G H^q. 

The constant fi is the best constant for the above inequalities 



Remark 3.1 In [32] Paget proved that for a compact 3— dimensional man- 
ifold without boundary the first best constant for inequality ([6]) is /is = 
and the map: Hf 3 t; — e" G is compact. Clearly, the best constant /is 
depends only on the dimension 3 of the manifold. For the solid torus, we 
prove that the first best constant for the same inequality ([6]) is /i = ^2n^i-r) 
and the map: H^q 3 v ^ e" E Lq is compact. In this case, the best constant 
/i depends on the geometry of the solid torus. 

o 2 

Corollary 3.1 For all v EHIg ^'^^^ ^^^^ ll^'^L — ^^(^ + o-f^d for all 
a < Att the following holds: 



'dV < C27rV/ 



(8) 



where the constant C is independent of v EH\g- The constant a < Att is 
the best, in the sense that, if a > 47r the integral in the inequality is finite 
but it can be made arbitrary large by an appropriate choice of v. 



Remark 3.2 Corollary 13. II is a special case of the result of Moser 
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3.2 Resolutions of the Problems 

For the problem 
(Pi) Av + ^ = f{x)e'', V >0 on T, v\g^ = 0. 
we have the theorem: 

Theorem 3.2 Consider a solid torus T and the function f continuous and 
G— invariant. 

Then the problem (Pi) accepts a solution that belongs to Cq , if one of the 
following holds: 

(a) suprf < if 7 < 0. 

(b) fdV < and suprf > if 'y = 0. 

(c) supTf > ^/ < 7 < 
For the problem 

(P2) Av + a + fe"" = 0, v>0 on T, 

-^ + b + ge"^0 on dT, 

on 

we have the next theorem: 

Theorem 3.3 Consider a solid torus T and the smooth functions f , g G— 
invariant and not both identical 0. If a,b E M. and R = 27r^r^/a + in'^rlb, 
the problem (P2) accepts a solution that belongs to Gq in each one of the 
following cases : 

1. If a = b = the necessary and sufficient condition is f and g not both > 

and that fdV + Jq^ gdS > 0. 

2. If a > and b > 0, f , g not both > everywhere and < R < 47r^(/ — r). 
Particularly, if g = then we can substitute the last condition with < 
R < Sn'^{l-r). 

3. If R > (respectively R < ) it is necessary that f , g not both > 
everywhere (respectively < 0). Then there exists a solution of the problem 
in each one of the following cases: 

(a) a < 0, b > 0, f < 0, g < and b < ^-f^ if g ^ or b < if g = 0. 
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(b) a > 0, b < 0, f < 0, g < and a < 



Ir^ 



(c) a>0,b<0,f>0,g>0 and a< if g ^ or a < if g = 



(d) a < 0, 6 > 0, / > 0, ^ > and 6 < 



Ir 



4. If a < 0, b < 0, not both = 0, it is necessary fdV + Lr^gdS > 0. Th 



en 



there exists a non empty subset Sf^ g of = {(a, 6) 7^ (0, 0) : a < 0, b < 0} 
with the property that if (c, d) G Sf^ g then (c', d ') G Sf^ g for any c' > c, d' > d 
and such that the problem (P2) has a solution if and only if {a,b) G Sf^g. 
Sf^ g= M?_ if and only if the functions f ,g are ^ and > 0. For all {a, b) G M?. 
there exist functions f and g such that Jj, fdV+ jgr^gdS > and (a, b) ^ Sf^ g. 

4 Proofs of the Theorem concerning the best 
constants 

Proof of Theorem 13.11 1. We give a proof by contradiction based on 
Lemma 12.21 ^ 

Assume that for any Ca, there exist Va &H\q with Jj,VadV = such that 

j e'^'-dV >Co,exp (^fi j \Vva\^dV^ . (9) 

Set (j)a{t,s) = {va o t, s). By ([9]) because of ([1]) and ([2]) we obtain 

sequentially 

2nr^ J e'^°'{l + rt)dtds > C^exp (^2nn j \V(f)af {I + rt)dtds^ , 



27ir^{l + r) j e^^dtds > C^exp (2nfi{l - r) j \V(f)af dtds] 

and since /i = ^2TT'^\i-r) ^^^^ pd^it 1 of Lemma 12. 2p we have 

e^-dtds > — ^^exp ( [ \W(l)afdtds ) . 
2nr^{l + r) \1QttJi) 

9 



The last inequality means that for any Cq, there exists (pa ^ H l (D) with 
Jd 4>adtds = 0, such that 

/ e'^"dtds > c^exp f / \V(paf dtds] , 

Jd VISttJ^ J 

which is a contradiction, (see Theorem 1 in jl7]). 

2. The proof of this part is similar to the proof of the first one. Let us 
sketch it. Assume that for any Ca, there exist Va G HIq with JgrpVadS = 
such that 

j e'^'-dS >Caexp (^fi j \VvafdV^ (10) 

and define the function (pa as in the first part. 

By ( [To]) because of ([2]) and ( [3]) we take the inequality 



J e*"dt > Caexp ^fi J \V(f)afdtds^ 



where = ^^J^. 

The last inequality is false (see Theorem 3 in [18]) and the theorem is proved. 
□ 

Proof of Corollary 13.11 Given e > 0, let (Tj)j=i ,,,^7v be a finite cover- 
ing of T, where 

Tj = [Q eR^ : d{Q, Op^) < 6j, 6j = IjSj and Sj ^ e] . 

For T we build a G— invariant partition of unity {hj)-^-^ ^ relative to the 

o o 

T/s. If we denote $ = t; o $ eHj{D), for all v ^H\g, following the 
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same argument as in the Lemma [2. II we obtain 



IT 



or 



N 

j=l •'Tj 

N 

JlxD 

= 277 V / [hj o e7')e""'°^^"'5|(/j + 5jt)dtds 

1 ^ /• 

1 ^ /• 

< {l + e)-Vol{T)Y, [hj o ^J^) e''^' dtds 

^ .7 = 1 



AT 



(l + £)27rr2/ / e'^'^'dtds 



I e""'rfV^ ^(l + e)27rr2/ / e'"^'dtds. (11) 



Because of ||Vf II2 ^ 27r(/ + r) and ([2]) we obtain || V$||2 ^ 1 and according 

to Theorem 2.47 of [3j for all $ EHI{D) with || V$||2 ^ 1 and for any a ^ 47r 
the following inequality holds 



e'^'^'dtds ^ Cn, (12) 

D 



11 



where the constant C is the same for all open and bounded subsets of M^. 
Thus, from inequalities (1111) and (1121) we obtain 

j e""'d\/^(l+e)C27rV/. (13) 

Suppose now that inequality (fT3|) does not hold for e = 0. That is, there 

o 2 

exists V EH Ig "with HV-uHg ^ 27r(/ + r) and 9 > such that the following 
inequality holds 

[ e'^'^'dV > (1 + e)C27r\^l (14) 
Jt 

By ([HD, and because of (fTTj) we obtain 

(1 + e) 2TxrH I e'^^^dtds > (1 + ^) C27rV/. (15) 

J D 

Since ([T^ holds for any e > we can choose e such that e < 9 and ([T^ 
yields 

27rr2/ /" e''''"dtds> C27r V/ 

- 1 + £ 

e''^^dtds>C7T. (16) 

o 

But according to Theorem 2.47 of [3J for all $ EH\{D) the following 



D 



holds. Thus ( fT6l) is false and the corollary is proved. □ 

5 Proofs of the Theorems concerning the prob- 
lems 

Proof of Theorem 13. 2[ We see that if / is a constant the problem can be 
solved immediately. If / = and 7 = 0, solutions are all the constants. If 
7/ > the constant ln{j/ f) is the solution. 
Consider the functional 

I(v)= [ \VvfdV + 2-f [ vdV, 
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the set 



and denote 



u — inf I{v). 
veA 



If 7 > 0, in order A 7^ 0, it is necessary / to be somewhere positive, if 7 < 
it's necessary / to be somewhere negative, and if 7 = it is necessary / to 
change sign. In the following we accept that / satisfies the above necessary 
condition and it is not a constant. 

(a) 7 < and / negative everywhere. 
Combining Jensen's inequality: 

vdV < In ( — W / e'"dV 



Vol (T) Jt \Vol (T) 

along with the following inequality: 

If 1 f . s 7 



Vol (T) Jrp Vol (T) sup / sup / 

we obtain 



/ vdV ^ Vol (T) In ( ^-r I (17) 
Jt Vsup/y 

and thus 

I(v) ^ 2^Vol (T)ln 1 

Vsup/, 

From the last inequality we conclude that u is finite. 

Let {vi} E A he a minimizing sequence of /, that is I{vi) v. If we take 
l{vi) ^ 1 + 1/ we obtain 



thus 



\^VifdV^2-i I VidV^l + u 



l + i/-27 / VidV^ I \VvifdV^O 



and 

1 + 



VrdV < (18) 
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By (fTTI) and (fTSi) we obtain |J^t;j(iV^[ < C, where C is a constant. 
In addition, we have 



IT JT 

Thus {vi\ is bounded in HIq{T) and there exists a subsequence of Vi, denoted 
again by Vi and a function v such that: 

(a) ^ -u on H1q{T), (by Banach's Theorem), 
(6) {vi\ V OYi Lq(T), (by Kondrakov's Theorem), 

(c) {i^i} — > a.e., (by Proposition 3.43 of [3]) and 

(d) {e^'} ^ on ^^.(T), (by Theorem [Si]) . 

From (c) arises that is G— invariant and so v & A, thus I{v) ^ i^. 
From (d) we conclude that 

||t;||jy2 ^ hm inf ||?Ji||j|^2 = ly 

1 i~*oo 1 

and by definition of u we obtain I{v) = v. 

Using the variation method we can prove that t; is a week solution of the 
corresponding Euler equation and, by the regularization Theorem of |48j and 
Theorem 3.54 of [3], we conclude that v G Cq. 

(b) 7 = and / changes sign. 

In this case we need the extra condition f{x)dV < 0, because if we multi- 
ply the equation of the problem by e~" and integrate we obtain 

f f^x)dV = -f [ e-^'dV- [ e-^lVvfdV, 

JT JT JT 

the second part of this equality is negative. 
Since 7 = 0, 

I{v) = [ \VvfdV 
Jt 

and considering Jj,vdV = 0, if we define the set 

A = \ ve HIg : I vdV = 0, [ fe^dV = 



T 



we will have 

u = inf I{v) > 0. 
14 



In the following we work in the same way as in (a). 

Thus, there exists a minimizing subsequence of i^j, denoted again by Vi that's 
converge on a function v E A. 

If K and A are the Lagrange multipliers, the Euler equation is 

Av + K = A/(x)e". 

Intergrading by parts, because of Jj, fe^dV = 0, we obtain k = and for the 
function v holds 

Av = A/(x)e^. (19) 

By equation (HM we obtain that v is not constant, because of f{x)dV < 0, 
and so A 7^ 0. In addition, multiplying the same equation by and inte- 
grating by parts we obtain A f{x)e"dV < and then A > 0. 
Finally, is easy to check that the solution of the equation is t; — In A. 

(c) 7 > and / somewhere positive. 
Consider the same variation problem as in case (a) and suppose that / is 
somewhere positive, which is the necessary condition to be A 7^ 0, since 
suPt / > 0. We have 

jVol{V)= [ fe^'dV^snpf [ e^'dV. (20) 
Jt Jt 

In addition by Theorem 13.11 we have 

^eW«Cexp{(^ + .) j^lVv\W + ^J^uiv] . (21) 
From (EOD and (EH) we obtain 



jVol (V) ^ Csup /exp |(/^ + ^) ^ \VvfdV + ^^^^ j^vdv"^ 



C sup / 
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+ 27 / vdV, 



2jV ol{T) In (^^^^^^] ^2^Vol{T)ifi + e) [ \Vvf dV 
\ ^ sup / / Jj. 

2jVol (T)ln (^^^^^) ^271^0/ (T) {fi + 6)[ \VvfdV+I{v)-[ \VvfdV, 
I(v)^2^VoliT)ln(^:^^^^] +[l-2^VoliT){fi + e)] [ \Vvf dV 

VCsup/y 

or 

I{v) ^ [l-2-fVol{T){fx + 6)] I \Vv\^dV + C\ (22) 

Jt 

where /. = 3^ and C = 2^Vol{T) In (^) . 

So, for 7 < ^j^, we have that I{v) is bounded bellow. 
Thus if t;j G A is a minimizing sequence of /, by equation fl22|) we obtain 
that ||Vt;j||2 ^ Ci, and by equations fl20|) and fl2T]) that jj^VidV ^ C2, where 
Ci and C2 are constants. Since z/ = inf„g^ /(t;) and limj^oo -^("Ui) = z/ we 
may assume that I{vi) < u + 1 and so jj,VidV ^ C3, where C3 is a constant. 
Thus is bounded in HIq{T) and then the rest of the proof is the same 
as in case (a). □ 
Proof of Theorem [331 Following [T9], let t; G C^(T) be a solution of 
(P2). We observe that integration by parts yields 

j (At; + a + /e")dV = 0, 
- / ^dS+ I (a + /e")rfy = 0, 
I {h + ge'')dS+ I (a + /e")rfy = 0, 

JdT JT 

a [ dV + b [ dS+ [ fe^'dV + [ ge^'dS = 0, 
Jt JdT Jt JdT 



aVol{T) + hVol{dT)+ [ fe^'dV + I ge''dS = 

Jt JdT 
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namely 

K{v) = aVol{T) + hVol{dT) + ! fe'^dV + [ ge^'dS = 0. (23) 

Jt JdT 

Multiplying by e""" and integrating by parts also implies 

[e-'^Av + ae-" + f)dV = 



e-''^dS+ [ {ae-'' + f)dV- [ e-"" \Vvf dV = 0, 

I {e'''h + g)dS+ [ {ae~'' + f)dV- I e"'' \Vv\^ dV = Q 
JdT Jt Jt 



namely 



I{v) = - I \VvYdV + a / vdV+h / vdS 

T Jt JdT 



a / e-W+6 / e"'dS+ fdV+ / gdS - / e-"" \Vvf dV = 0. (24) 
Jt JdT Jt JdT Jt 

Moreover, if t; G HIq{T), according to [3], [l9] and |18j and because of 

theorem Em for any g ^ 1, t; G L%iT), v G L%{dT) and e" G L%{T). 

Set 

- / IV7; 
2 

and 

A = [ve HIg : K{v) = 0} . 
Our aim is the minimization of I{v) on A. 

1. Case a = b = 0, fj, fdV + f^j, gdS > and / and g not both > 0. 
Since / and g are not both identically 0, the solutions of equation (P2) are 
not constant functions. Hence if is a solution we have 



T 



e-''\VvfdV>0 (25) 
and then by and yield 

fdV+ [ gdS>0. 

T JdT 
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Since a = b = and K{v) — Jr^fe^dV + Jgr^ge^dS in order A — {v & 
Hf{T) : K(y) = 0} 7^ it's necessary / and g not to be both > 0. 
Inversely, if / and g are not both > 0, we will prove that %. 
Because of 



fdV+ / gdS>Q, 

T JdT 

we have 

{/(T)U(?(9T)}n(0, +00)^0 and {f (T) U g{dT)} n {-00, 0) 0. 

Define a C°° function r] : [0, +00) [0, 1] such that 77 = 1 in [0, 1/2], 77 = 
in [1, +00) and examine the following two cases: 

(i) / changes sign on T. 
There are two tori Ti and T2 contained in T such that / > on Ti and / < 
on T2. Let the points Pj, i = 1, 2 belong to the central orbits Op., i — 1,2 
of Ti, i — 1,2 , respectively and let 

Ti = [{x,y,z)eT: (v^^^T^ - Ip,? + {z - Zp,f < 6'] 



and 



T, = {{x,y,z) e T : (^^^T^- ZpJ^ ^ _ ^^j2 ^ ^ 



x%. + Up., i = 1,2 the horizontal distance of the orbit Op^,i — 



where I p. — y ^p. 
1, 2 from the axis z'z. 
Set 



fdV+ [ gdS, 

'r\(TiUT2) JdT 

and suppose that a >0. Then 

tto = a + / /(iV > 0. 
Consider the continuous function 



a{t)^ / /(P)exp 
'T2 



ci(P,0 



P2J 



ciV", t e R, 



where is the Euclidean distance in M^. 

Since lim a{t) = —00 and lim a{t) = 0, there exists to e 

t— >+cx) t— >— 00 



such that 
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a{to) = -tto- 

Hence if we define the function v e Cq{T) as 



v{P) = 

by definition of a we obtain 



Ur]{d{P,0p,)/5), Pen 
0, P^T2 



JT2 

and then 

From the last equahty we have 

[ /eW + Q;+ / fdV^O, 

I fe''dV+ [ fdV+ [ gdS+ [ fdV = Q, 

Jt2 Jt\{TiLIT2) JdT JTi 

[ fe^dV+ [ fdV- [ fdV+ [ gds+ [ fdV^O, 

Jt2 Jt\T2 JTi JdT JTi 

I fe''dV+ [ fdV+ [ gdS = Q 

Jt2 Jt\T2 JdT 

and from this by definition of v we obtain 



T2 Jt\T2 JdT 



I fe'^dV + [ ge"dS = 0. 

Jt JdT 

This means that v E A and hence Ay^$. 
(ii) / does not change sign on T. 

If / = and g changes sing, following argTimcnts of the previous case, we 
construct a function v e Cq{T) such that Jgj,ge'"dS = , hence K{v) = 
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and A 7^ 0. 

If / ^ , let us suppose that / ^ and K{v) = . Then there exist 
PieT and P2 E dT such that /(Pi) > and ^(Pa) < . 
Consider the tori 

Ti ^[{x,y,z)eT: (v^^^T? - h,)' + {z - zp,f < 5'] 



and 



T2 = [{x,y, z)eT: (v^^^T^ - lp,f + {z - zp,^f < 6'} , 



where S is small enough, such that Ti n T2 — , / > a.e. in Ti and 

^ < a.e. in T2 n . 

Set 



/3= / fdV+ [ gdS+ f g{P) 

Jt\Ti JdT\T2 JdTnT2 

and choose t large enough such that /3 < . 
Denote 



exp 



tf] 



2d{P,0p,] 



dS 



2(5/2) 



I (x, y,z)ET: ( - /pj^ + {z - zp^f < (Q 



and define a function -i? G C'^{T), ^ 'i9(P) ^ 1 such that -i? = 1 in a 
neighborhood of dT n T2(^s/2), = out of T2 and its support K to have 
small enough measure such that the following holds 
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/ f{P) 



exp 



M{P)r) 



2d{P,0p;, 



dV - I f{P)dV < -p. 
Jk 



Consider now the continuous function 



a{t)= f /(P)exp 



dV, t e M. 



Since / ^ 0, / ^ 0, hm (T(t) = and lim a{t) = +00 there exists 

t— »— 00 >+oo 



f e M such that a{t') = + 7) , that is 



/(P)exp 



Ti 



■ [d{p,Op;, 
i 1 1 



dV = -(/5 + 7) > 0. 



(26) 
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Define now the function v G C°°{T) by 

t'v{d{P,0pJ/6),PeT^ 
v{P) = ( M{P)v {2d (P, Op,) /6), Pe T, 
, P ^ Ti U 



We liave 



/3 



fdV+ / gdS+ ge^'dS 

T\Ti JdT\T2 JdTr\T2 



ge"" dS 



arnT2 



fdV+ / ge^'dS 

T\Ti JdT\T2 



fdV+ / ge^'dS 

T\Ti JdT 



and 



7 



/(P)exp 



T2 



t'i9(P)77 



2diP,0p,] 



6 



dV 



/(P)exp 



T2\K 

fe^'dV 



td{P)7] 



2d{P,0p,: 
6 



dV- [ f{P)dV 

JK 



T2 



fdV- / fdV. 

T2\K JK 



By (|26|), (|27|) and ([28]) we now obtain 



fdV- / fdV- fdV+ / fe''dV+ / /eW+ / ^e"rf5 
I fdV - I fdV+ [ fe''dV+ I fe''dV+ [ ge''dS = 0, 

Jt\Ti Jt2 Jti Jt2 JdT 



fdV+ / fe''dV+ / ge''dS = 0, 

T\(TiUT2) JtiUT JdT 



fe"dV+ / fe''dV+ / ge''dS = 0, 

T\(TiUT2) JtiUT2 JdT 
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/eW+ / ge''dS = 0. 

JdT 

Hence v ^ A and A 7^ 0. 

We observe that if K{v) = then K{v + c) = for any constat c. So we can 

suppose that Jj, vdV = for any v E A. 

Set 

/i = inf I / iVvl'^dV : /" vdV = ol ^ 0. 

VGA [J J, J 

Let {vi] be a minimizing sequence. Since supj(|| Vt;j||^) < +00, this is 
bounded in H1q{T). Thus there exists a subsequence {vi} and a function 
V e HIg{T) such that: 

(a) ^ i; on HIq{T), (by Banach's Theorem), 

(6) {wj} — > t; on LQiT),q > 1, (by Kondrakov's Theorem), 

(c) ^ a.e., (by Proposition 3.43 of [3]), 

(d) {e"'} ^ e*^ (by Theorem El]) and 

(e) {vi} V a.e., on dT and {e'"'} on L^((9T), 

where by t;, and v we denote the trace of Vi and t; on dT, respectively (by 
Theorem 4 of [IB])- 
The latter implies 

lim / VidV = I vdV 



and 



lim ( / fe'^^dV + / ^e^'rf^ = / /e W + / ^e^rf^ = 0. 

'aT J Jt JdT 



From the last two equalities along with (c) arises that t; G A and fj,vdV = 0, 

hence, by definition of /i, ||Vti||2 ^ A*. 

From (b) and using Theorem 3.17 of [3] we obtain 

1 1 2 1 1 2 

II Vt;L ^ lim inf HVt^jL = /x. 

1 1 2 1 1 2 

Thus, by definition of /i, ||Vt^||2 = and the inf ||Vvj||2 is attained, where 
Vi E A and fj, VidV =0 . 

If K, and A are the Lagrange multipliers, the Euler equation is 

[ V'vVihdV + k( [ fe^'hdV + [ ge^'hds) + \ [ hdV = 0, (29) 
Jt \Jt JdT J Jt 
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for all h G Hf{T). 

Since K{v) = 0, for h = 1 arises A = 0, and for h = v, k, ^ 0. (If k = 0, 
||Vi;||2 = and since jrpVdV = 0, = a.e. thus K{v) > 0, which is false). 
According to Theorem 1 of [18] the solution v G Hf^ of fl29l) is C°° and if 
satisfies: 

Av + Kfe"" = in T ^ 

dv } (30) 

+ nge"" = on 
on ) 



Setting h = e "in (]29i) we find 



K 



fdV+ / gdS 

T JdT 



\Vv\e~''dV > 



T 



and then t; — In k is a solution of (P-i). 



(31) 



2. Case a > 0, 6 > 0, not both = and 



ri((-oo,0)) ^0 or (7-i((-oo,0)) ^0. 



In this case we have 



and by ([23D 



'T JdT 

Then, if /, g are not both ^ 0, A 7^ . 

By Theorem 13.11 arises that, for all e > 0, there exists a constant such 
that 



R = aVol{T) + bVol{dT) > 
fe''dV+ [ ge'^dSKO. 



and 



e'^rfV^ < C, exp 



e"ci5 < C.exp 



:i + e) 



(l + e) 



1 



167r2 (/ - r) 



1 



|Vt;||^+ ^ 



Vol{T) 



vdV 



y ||2 I 1 

ro/(9T) 



L (^ - ^) 

for all V G -ffi 

From the definitions of K{v) and R and by ( l23i) we obtain 



vdS 



(32) 



(33) 



R 



fe^dV+ / ^e^dS 

T JdT 



^ { max|/|^ j e'^dV + 



max q 

dT ' ' 



e'^dS 



dT 



23 



and using (15^ . (155]) we obtain 



R ^ I niax I / 1 Ce exp 



T 



+ (max 1^1 j C.exp 
^ I max I/I ) C^exp 



+ (max 1^1 j C^exp 



The last inequality gives 



(1 + ^)^ 
(1 + ^) 



167r2 (l-r) 
1 

^ 87r2 (/ - r) 
1 



l|Vt;||^+ ^ 



||Vt;| 



yo/(T) 
1 



T 



in- 



(l-r) 



2 yo/((9T) 

vdV 



vdS 



V^v\\l+ ^ 



VoliT) 



in^ (/ - r) 



l|Vt;||^ + 



1 



Vol{dT) Jqt 



vdS 



inf <^ / vdV+ (1 + e) 



87r2 (/ - r 



-Vol{T) \\Vv\ 



CT{e) > -oo (34) 



and 



inf I [ vdS+ (1 + e) -VolidT) \\Vv\\l] = CQT{e) > -oo. (35) 

[JdT K.I' -f) J 



By (IMD, (ESj) we obtain 

I{v) = 11 \VvfdV + a I vdV+b I vdS 

2 Jt Jt JdT 

{aVol{T) + bVol{dT)) 



1 1 

2 ~ ^^^^^ 87r2 (l-r) 



\\Vv 



+acT{e) + hcQT{e) 

1 1 

2 " ^ 87r2 {I - r) 



R 



\\Vv\\l + acT{e) + hcdT{e). (36) 



If we assume R < 47r^(/ — r) and if we choose e > such that c 
(1 + ^) s-K^i-r) ^ ^ we conclude that /i = inf I{v) > —oo. 



Let {t^jjigN) Vi G Ahe a minimizing sequence of I{v) such that 

^ livi) ^fi+l (37) 
for any z G N (I36D and ([37D yield 



^ ||Vu 



'•112 



I{vi) - acrie) - bcoxie) u + 1 - acrie) - hcor^e) 



< +00. 
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By dMD, dSSD and ([3H]) we also obtain 



Vol{T) (/i + 1) = Ct (38) 



and 



/ vdS ^ C9T{e) -H + e) -Vol{dT) (/x + 1) = Car- 

Jar I' ~ '^j 

By the definition of I{v) and because of flTTI) yields 

a I VidV+b / VidS ^ /(t^i) ^ /i + 1. 
The last relation, because of (138|) . (!39l) gives us 



and 



'9T b 
By (E?!), (IHH]), (SOD and gl]) we have 



^ -Cqt if a ^ 



vdS ^ ^^i^ - Ct if 6^0. 



and 

Since the inequality 



dT 



^ Co. 



\V(t)\^dV + 



Vol (T) 



(t)dV 



(39) 



(40) 



(41) 



(42) 



(43) 



(44) 



holds for any G Hf uiT), taking into account that (1371) and (138!) also hold, 
it follows that G A is bounded in Lq(T). Moreover, since (138!) 

holds we conclude that supj^j^ (^Il'^«ll_ff2^) < Hence, as in the previous 
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case there exists v E A such that I{v) = ji. 

Recall that, if v is the Lagrange multiplier, the Euler equation is 

V'vVihdV + a [ hdV + b [ hdS =u ( [ fe"dV + [ ge^'dS] , (45) 

Jt JdT \Jt JdT J 

for all h G Hf{T). 

For h = 1 since K{v) = we find 



{aVol{T) + hVol{dT))(^j fe^'dV + J ge^dS^ 



1. 



Using the same arguments as in case 1, we prove that v G C^(T) and that 
is a solution of (P2)- 



If 51 = we have 



R 



fe"dV 



K (max|/|)^eW 



^ (max|/| ) C^exp 



V T 



167r2 (/ - r) 



|Vt;||^+ ^ 



Vol{T) 



vdV 



Hence, if i? < 8tt^{1 — r), following the same process as above we prove that 
(P2) has a solution. 



3. Suppose that R> and a, b not both > (the case R < and a, b 
not both < can be treated in the same way). 

By fl2^ it is necessary that /, g are not both > everywhere. Then A 7^ 0. 

(a) a < 0, 6 > 0, / < 0, c/ < and bVol{dT) < An^{l - r) if ^ ^ or 
bVol{dT) < MHI -r)ii g = Q. _ 

Since / G Cq{T) is negative everywhere and T is compact, there exists (5 > 
such that \f\^5> 0. 
If t; G A we have 



\R\ 



fe''dV+ / ge^'dS 

T JdT 



[ \f\e''dV+ I WdS (46) 
Jt JdT 



and by elementary inequality ^ 1 + x, x G M we obtain 

\R\^ [ Ifle^'dV^d [ e^'dV^d [ {1 + v)dV = 5Vol{T) + 5 [ vdV. 
Jt Jt Jt Jt 
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Since a < we finally obtain 

a j vdV ^ a - Vol{T)^ . 

By fl33l) implies that for any e > there exists a constant Ce such that 

1 „_ „9 1 



(47) 



By 



R\ ^ C^exp 
we obtain 



(1 + ^) 



^7r2 (/ - r) 



\Vv\ 



vdS 



hi vdS^ hVol{dT) In H - (1 + e) 
Jar Ce 



Vol{dT) Jqt 



(48) 



,QT 8vr2 (/ - r 

By the definition of I{v) and fH7j) . fH9|) we obtain 



(49) 



1_ hVol{dT) 
+ ^'^ 87r2 (/ - r) 

+6 Vo/(9T) In S + a 



|Vt;| 



1^ 

T 



\/o/(T) ) 



(50) 



If hVol{dT) < Ati"^ {I — r), that is 6 < and e is chosen small enough, (150!) 
implies that J(t;) is bounded bellow for all t; G A and we can prove the 
existence of a solution of (P2) as in the previous cases. 
If (7 = 0, it suffices to assume that b < ^^7^ and then by fHHl) we obtain 

1 



\R\ 



|/|eW ^ C.exp 



l + e) 



Ir 
1 



IGvr^ (/ — r) 



|Vt;||" + 



Vol{dT) Jqt 



vdS 



and we continue as above. 

(b) a > 0, 6 < 0, / < 0, c/ < and aVol{T) < - r). 
We work as in the previous case and, supposing that a < ^^j^ we conclude 
the existence of a solution of (P2)- 
Cases (c) and (d) are similar to (b). 

4. Case a < 0, 6 < 0, not both = 0. 
By ( IMl) it is necessary to assume that Jj, fdV + Jqj, gdS > and by fl23l) 
arises that /, g are not both ^ a.e.. 

The proof of this case is based upon the method of upper solutions and lower 
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solutions and is the same as the one in Theorem 2, case (iv) of 

Let us sketch the proof: It suffices to find functions v_,v^ G Cq{T) such 

that v+ ^ V- which satisfy the equations 



respectively. 

We denote by P(a,b) the nonlinear problem (P2) and solve this case in four 
steps. More precisely, we prove that: 

1. For any u G Cq{T), P{a,b) accepts a lower solution V- such that V- ^ u. 

2. For any u G Cq{T)^ P{a,b) accepts an upper solution v+ such that v+ > u. 

3. Choosing /, g appropriately, the set 5*/^^ can be contained in = 
{(a, 6) ^ (0, 0) : a ^ 0, 6 ^ 0} strictly. 

4. If /, g are ^ and nonnegative everywhere then Sf^g = M^. □ 

6 Proofs of the Lemmas 

Proof of Lemma 12.11 1. Let £0 > and (Tj)j=i^...^7v be a finite covering of 
T, where 

Tj = {Q eR^ : d{Q, Op^) < Sj, Sj = IjSj and Sj ^ £0} 
Then for any v G C^Q(Tj) by ([1]) we obtain 




(51) 



and 



Av^ + a + fe"' ^ in 
— h & + fi-e"- ^0 on 




(52) 




e'^dV 




e"°^^" {^/g o ij^) dujdtds 
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From this and by Theorem 1 of [T7| we have 

j e'^dV ^ 2nlj6]C{l + eq) exp ^2 j \V(p\^dtds^ , 
where /X2 = ^ is the best constant of Sobolev inequahty 



with / EHliD). 

Moreover from (12]) we obtain 



f \\/vfdV = 2n [ \V4>f {Ij + Sjt)dtds 

JTj Jd 

^ 27r/j (1 -£o) / \V(l)fdtds, 
Jd 



thus 



Finally, we have 



\V(p\^dtds ^ ^ 



1 



D 



211 h 1 - £0 Jt^ 



WvVdV. 



e^dV ^ C,, exp 



[l + cso) 



2nl 



Wv\ dtds 



where Ceo = 27r/;5|C (1 + £0) and = 1 + c^o , c > 0. 

2. Let us choose 5 > such that the torus T is covered by N open subsets 

T^,5/2 = {QeT:d{Q,Op;) <5/2] 

We consider the decreasing real valued function \&(r) , which equals 1 
for < r < 5/2 and for r > 5 and we note '^j{Q) = ^{d{Q, Op^)). 
The \l/j's defined on Tj = |Q E T : d (^Q,Op.) < 5} are G— invariant, but 
they are not a partition of unity. 
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Let V e C^ciT). Then (d^^) G C^ciTj) and from the first part of this 
lemma we obtain 



Because of the following relation 



2nL 



(53) 



||V {v^,)\\l ^ ||^,Vt;||^ + 2 W^jVvW \\vV^,\\ - 
and since for all Eq > a. constant exists such that 



J\\2 ■ 



J 112 ' 



we obtain 



|V(t;M/,)|l2^(l + 2£o) \\Vv\\l + D\\v\\l 



where D = {2De^ + 1) (sup^ |V^jf ). 

From fl53|) because of the last inequality we have 



:i + c£o) (1 + 2£o) II Vi;||^ + D ||i;||^ 

ZTT <i 



(54) 



where D = {1 + ceq) ^D. 

Since inf Ij = I — r given e > we can choose Eq small enough such that from 
f lM|) we obtain 



i=l •^'^j.s 



^ C exp 



/i2 



2n (/ - r) 



£ 1 II Vt;||o + D \\v\\l 



and so we have the desired inequality. 

Now we need to prove that the constant 2n{i-r) ^^^^ constant fi such 

that the inequality 

j eW < Cexp [(/i + e) \\\/v\\l + D \\v\\l] 
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holds for all v &H\g ■ 

o 

For that purpose, for all e, we need to find a sequence {va) &H\q, such that 
for all A, E e M the following holds: 

Ito IIV^vll^ + AIKvll^E 2.(1 -r) ^ ^ 

a^o In /^e^^dl^ 

Let us consider the orbit Omf of minimum length 27r(/ — r). For any > 0, 
let 

T,-^ = {QER':d (Q, Ornf) <S, 6 = eo{l-r)}, 

where d{Q, Omf) denotes the distance from Q to the orbit Oj„/. 
It is easy to prove that 



d{Q,Op) = Sdn{^j^{Q),0) = 5VW+^, (56) 

where d^ denotes the distance in the disc D centered on O. 
For all a > define the functions (va) by 



Va{Q) 



-2ln (a + d\Q, Oi„,f)) + 2ln {a + 6^) ,if Q e T n Tj^ 

,ifgGr\4 



Since Va depends only on the distance to Oinj, Va Gif ^ (^(Tj^). 
Setting (j)a = Va° ^7^ we obtain 

/ e^'-dV = I e"°^^^' o ^-^)duodtds 
e^"6^{{l -r) + 6t)dujdtds 



IxD 



= 2n{l- r)6^ j e^" + j^t^ dtds 

> 27r(/ -r)52(l -eo) / e^'^dtds. (57) 

Jd 

Hence, by definition of Va and because of (156|) for all {Q) = {t, s) G -D we 
obtain 

a + 6"^ 



«(ei(Q))=ln 



a + 6^ if + s"^ 
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thus 

r / a + 6^ 
Jo \a + 5^ (t2 + s2) 
Changing variables in the latter equality we obtain 



e'^°'dtds 



D 



e'f'^dtds 



D 




(a + 52r2)' 



dtds. 



drdO 



(a + (52)V {a + 5\^)' 
Jo {a + 6\^f 

(a + 52) vr 



dr 



a 



By (|57D and ([58]) we have 

e""c/V > {1 -eo) 271 {I- r)6- 



2 + 5^) vr 



^ (1 - £0) 27r2 (/ - r)5^ 



and then 



where Ce, = (1 - £0) 2tt^ (l - r)6\ 
Moreover, because of (12]) we have 



C i 



In / e'^'^dV ^ InC.g +ln- 



Since 



= 2n I \V<f)a{t,s)f{{l-r) + 6t)dtds 

^ (1 + £o)27r (/ -r) / |V0a(t,s)|^rftrfs. 

in 



V [-2 In (« + 6'{f + s'))+2\n{a + 6')] |' 
-2V [In {a + 6' + s'))]\' 
25H 26h 



4 



a + 52 (t2 + ^2) ' ^ + 52 (^2 + 32^ 
16(5^ (t2 + s2) 



[a + 52 (t2 + 52)]2' 

32 



we have 



\V(pait,s)fdtds 



D 



L 



D [a + 52 (i2 + s'')\ 



Tdtds 



I 



27r / ^rdr. 

{a + S^r^) 



Changing variables we obtain 



Jd 



s)\ dtds 



167r 



52 



{a + rY 



52 



1^2 Jo {a + tY 



rdr. 



We further define the function 



1 T 

h(a) — hi. / Trdr, a > 



and changing the variable we obtain 



h{a) 



a 



r 



a' 



Tdr 



—du 

S2 U 

5V« /I 



52 /a 



U 



52 



{i + uY 



du 



zdu 



52 



52 /a 



52 



{1 + uY 

52 



U 



+ 



and because of 



u — 



1 + 



u 



1 



M + 1 



1 2m + 1 1 2 1 2 
■ - < r ■ - < ^ 



U + 1 U + 1 U U + 1 U V? 
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we finally obtain 



lim h{a) 

a— >0 



52 



< 



2u~'^du 



u ^du 



52 



u 



u 



IS2 Jo + 

Thus, for any a > close to the following holds: 

T 1 

/ 5-(ir = In h Ci. 

Jo (a + r) a 

From (EOl), (Ell) and (ESI) we obtain 



(i + uY 

du = Cq. 



Tdu 



llv„„||^<(i±£2)M[^,„i + a 

/i2 a 



On the other hand we have 



27r5^ / {{I - r) + St) dtds 



D 



^ (1 + eo)2vr (/ - r) \(l)afdtds 

Jd 



a + 6"^ 



dtds 



(62) 



(63) 



a + 52 (f + s2) 
= 4Co / (In [a + 5^) - In (a + 5^ (^2 + ^s^^^s^^^^ 

^ SttCo / [2 In^ (a + 5^) + 2 In^ (a + 5^ (^2 + sS^j^jj ^^^^ 

= StxCo (^j^ 2 In^ {a + (5^)rrfr + ^ 2 In^ (a + rrfr^ 

= SttCo In^ (a + 5^) / 2rc;r + — ^ / \xi^ [a + 5'^r'^)25'^rdr 

Jo " Jo 

= 8nCo In' [a + 6')+^ f In^ [a + 5\') {a + 5\')' dr 

Jo 



C, + C2 In^ CdC 

J a 
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= Ci + C2[C(ln'C-21nC + 2)];^+'' 
= Ci + C2 [(a + 5^) (In' {a + S^) - 2 In {a + 5^) + 2)] 
-C2a (In'a -21na + 2) , 

and since lim (a In a) = lim (a In' a) = we have 

\\Va\\l^ Ci + C2Cs = C. (64) 

Finally, from ([M]) and ([MD for any A, E G M the following holds: 



V7 l|2 , A II l|2 I T? (i+eo)Z7T(i-r) , i , ^ 
\/Vc,\\^ + A\\Va\\2 + ^ ^ lli ^^a+'-' 



In Jr^e"'-dV In^ + lnC, 

thus 



|2 , A II l|2 



lim — ^ ^(l+£o) • (65) 

In J^e'^'-dV fJ'2 



2n{l-r) ^ 2iT{l-r) 
^ M2 

from (165!) we obtain our result. □ 



For any e > consider sq > such that (1 + £0) "^^^ ^ ^ ""^^^ '"-^ + e and so 



Proof of Lemma 12.21 Following arguments similar to those in [Ij and [30] 

we prove the first and second part of the lemma, respectively. 

1. Our aim here is to find a constant C^, such that for any e > and 
for all functions v G TCg, with J^vdV = the following inequality holds 

J e"dV ^ Ce exp [{fx + e) \\Vv\\l] , 

o 

where fi = if He =HIg and /i = if Ho = Hf ^. 

(i) Let V G C^g(T) with vdV = and = sup{v, 0). 
Then i; eHf aiT) and 

vdx =- I vdx, I Wvldx^ I Wvldx. 



2 

For any t G M, denote by mt{v) the measure of the set 

Q^{v) = {xeT : v{x) ^ t}. 
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Given v G C^(T), rritiv) is a decreasing function of t, not necessarily con- 
tinuous. Let m > depending on e. Then, for a given v G C^q{T) two 
different cases can occur: whether there exists s ^ such that ms{v) ^ m 
or not. 

(a) Suppose there exists s ^ such that ms{v) ^ m. 
If we denote 

S = sup{s G M : ms{v) ^ m}, 

we will have S ^ 0, ms+i{v) < m and ms/2{v) ^ m. 
According to Lemma 12.11 we have the following 



-,S+l 



^ e^+^C/sexp 



\Wv\\l + D,/2 



v-{S + l) 



(66) 



Since Jj,vdV = 0, and ||£i| 
constant Ci such that 



1 ~ i 11"^ 111 tiy Poincare inequality there exists a 
1 



l^lli = 2 ll^lli ^ Il'^^ll2' 



and since + 1 > we obtain 



^ ll^lli ^ Ci WVvW^. 



(67) 



(68) 



From the last two inequalities, by Holder's inequality and the Sobolev con- 

o 

tinuous and compact embedding of hIg ^^ -^g(^); obtain 



v-{S + l) 



^ S+l ^ 



v-{S+l) 



< m 



1/2 



v-{S + l) 



2 ' 



(69) 



where C2 is a constant independent of v and /i. 
By the definition of fi((t;) we have that 



^^{v) = {xeT : v{x) ^ 0} 
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and 
Thus 



^s/2iv) = {xET:v{x)^ S/2}. 



vdV > 



no(«) 



vdV > 



From (!67|) and (!70|) . since 'ms/2{v) > m, we obtain 

ms/2{v) m 
The elementary inequahty 



X < Sx^ + -,x eR,S > 0, 



with X = ||Vi;||2 yields 



\\Wv\\,<S\\Vv\\l + ^, S>0. 



From fITT]) . and because of (1721) . we obtain 

2Ci 



5 ^ 



and with = ^ we obtain 

m b 



m 



S\\^v\\l + l 



S \\Vv\\l + AClm-^ = m \\Vv\\l + Csm'^. 
Thus, from (|66D. and because of fl69l) and fl73l). we obtain 



eW^C.exp [(^^ + £ + D,/2C2mi/2 + m) ||V 



where Cs = Ce/2 exp (Csm"^ + 1). 

(b) Suppose now that ms{v) < m for any s > 0. 
By Lemma [2.11 we have the following 
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or 



In this case, mo(i^) < m and so 

||>||2^ 1/2/ \||-||2 ^ l/2i|>||2 , 1/2^ IIV7 ||2 

|p|l2 ^ ""^0 ("^^ ll'^IU ^ ""^ ll'^IU ^ ''^ <^2 II Vt;||2 • 
From (1751). and because of (1761) we obtain 



In both cases we have to choose m > such that 



and 



D,/2C2m}''^ + m< 



Ce = Ce/2 exp + 1 



o 

so, for all V &h\g with Jj,vdV = the following inequality holds 

eW^Cexp [{fi + e)\\Vv\\l], 



where [i 



167rL' 



(75) 



(76) 



(77) 



(78) 



(ii) Let now v G li\Q. Following the same steps as in the first part of 
Lemma [2. II by Theorem 3 of [18], for all v G Cq{T), we obtain 



e'"dV ^Cexp 



:i + ce] 



IQtt'^ U .it 



WvVdV 



(79) 



Consequently, since Cq{T) is dense in HIq and ( 1791) holds for any j = 
1, 2, .., A^, by the second part of Lemma [2.11 we conclude that, for all e > 0, 
there are constants and such that for all v G H^q the following holds 

j e^dV ^ C.exp [{fi + e) \\Vv\\l + D, \\v\\l] , 
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where /x = is the best constant for this inequahty. 

Following the same steps as in the first part of this lemma we derive that 
for any e > and for all functions v G H^q, with Jj,vdV = the following 
inequality holds 



J e"dV ^ C, exp [(/x + e) \\Vv\\l^ , 



(80) 



where fi = ■ 



By parts (i) and (ii) of the lemma we conclude that, for all e > 0, there 

o 

exists constant such that for all v EHIg ot v G H^q with jrpVdV = 0, 

inequalities fl78l) and flHOl) hold respectively. 

Finally, we observe that if -O = t; — ^^h^i It '^^^ have 



vdV 



T 



1 



V 



T 



vdV dV 



vdV- 



vdV / dV 



and so, rewriting (178|) and (IHOj) with v = v — ^■n^r'^i It '^^^ obtain: 



e-^jT-dv I e-rf\/^C,exp [{ii + e)\\Wvf^ 
Jt 



or 



e'^dV ^ C.exp 



vdV 



and the first part of the lemma is proved. 



2. Let V G Cq{T), with J^j, vdS = 0, (p = v o C, ^ and n the outward unit 
normal. 
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By Stoke's theorem we have 



[ e'^dS = 27ir^ [ e'^{l + rt) dao 

JdT JdD 



dD 

^ 27rr^ {I + r) I e 

'dD 



27ir^{l + r) / dw{e'>'n)dtds 



D 



2-Kr'^il + r) I [divn + n{(j))]e'l'dtdt 



D 



^ 27rr^ (/ + r) 



Co f e'^dtds+ [ \V(l)\e^dtds 
Jd Jd 



(81) 



where Cq = sup^, {\divn\). 

By (|5Ti) , and because of Theorem 4 of |17j arises 



e'^dS ^27rr2 (/ + r) 



CoCexp (/i IIV0II2) + / |V0| e'^dtds 



D 



(82) 



By Holder's inequahty and by Theorem 3 of [18] we obtain 



|V0|e^rftc;s ^ IIV0II2 e^^dtd^' ^ CllV^llaexp (2/i||V0||2) , 

(83) 

where /i a is constant greatest than l/87r. 

From the elementary inequality t ^ Ci exp (eo^^) , ^ > 0, eo > and Ci a 
constant with arbitrary £0 > and t = ||V0||2 we obtain 



||V0||2^Ciexp {6o\\V<P\\l). 
Combining inequalities (182!) . (!83|) and (18^ we obtain 



(84) 



^ 27rr2(/ + r) CoCexp (/2 || V^Ha) + C || V0||2 exp (2;^i || V0II2) 
^ 27rr2 (/ + r) 

X CoCexp {fi II V0||^) + CC, exp (^o || V0||^) exp (2/i || V0|Q 
^ 27rr2 (/ + r) (7 (Co + Ci) exp [(2/i + eo) || V^j^ . 
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Since 



||V(/.||2= / \V(l)fdtds<y [ \VvfdV, 

J D ^ JT 

the latter inequality becomes 

^ e^'dS ^ 27rr^ {l + r)C (Cq + Ci) exp + ^° ^ |Vt;|'rf\/j 



T 



Given e > 0, we can choose eo > such that 

2/2 + eo 2/i 

— Z — <Y + ^"'" + ^' 

and the last inequality yields 



j e'^dS ^Ce^^{{ii + e) j \Vv\'dV^ . 



(85) 



Rewriting fl85|) with t; = t; — ^^2^,2; /^^^ '^'^'5' yields the second inequality of the 
lemma. □ 
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